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ABSTRACT 

In the context of generalised geometry we investigate reductions to SU (m) x SU (m) together 
with an integrabihty condition which in dimension 6 describes the geometry of type II 
supergravity compactifications. 
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1 Introduction 

GeneraHsed geometries were introduced by Hitchin in and have played an important 
role in string theory ever since. In a nutshell, we associate with a closed 3-form H on 
M" (the H-flux in physicists' language) a vector bundle E — > M with structure group 
SO{n,n). The space of sections carries a natural bracket - the Gourant bracket. More 
importantly for us, E admits a natural spin structure, and H induces an elliptic complex on 
the spinor fields. These can be thought of as even or odd forms with differential defined by 
dnoi = da + H A a. In analogy with classical geometries described by reductions inside the 
GL(n)-frame bundle and integrabihty conditions involving the Lie bracket or the exterior 
differential, we can consider reductions inside SO{n, n) and integrabihty conditions involving 
the Gourant bracket or dn- In particular, the usual classical geometries (such as complex, 
Kahler or G2-manifolds) have natural counterparts in this setting (cf. [11], [9], |20|). 



In this article we shall be concerned with generalised S'C/(m)-structures [S], i.e. reductions 
from M^o x Spin{2m,2m) to SU{m) x SU{m). While a usual S'C/(m)-structure (i.e. an 
almost Galabi-Yau) can be characterised by a(n almost) symplectic 2-form and a complex 
m-form subject to various compatibility conditions, generalised 5C/(m)-structures are char- 
acterised by mixed degree complex forms po and pi of special type, together with a scaling 



function, the so-called dilaton. More precisely, a generalised 5J7(m)-structure gives rise to 
a spinnable metric g with spinor bundle A and two chiral spinor fields 'i>L,B. £ r(A). Under 
the isomorphism ^1*{M) (g) C = A A, we get (up to a S-field transform) 

po = e-^Ai'^L) ® "^R, Pi = e-'*'^L ® 

where A is the conjugate-linear, S'pin(2m)-equivariant charge conjugation operator. As we 
will show, both po and pi give rise to a(n almost) generalised Calabi-Yau structure in the 
sense of Hitchin [H]. Further, our notion of a generalised 5C/(m)-structure coincides with 
Gualtieri's notion of a(n almost) generalised Calabi-Yau metric [9]. 

Since we have a natural metric, we can perform Hodge theory for the above mentioned 
elliptic complex. In particular, the real parts Re(/9fc) are harmonic if and only if 

duPo = 0, dnpi = 0. (1) 

In this case, po,i define integrable generalised Calabi-Yau structures, while the pair {po,pi) 
gives an integrable generalised Calabi-Yau metric. Moreover we show in [15] that a gener- 
alised SU (m)-structure with ([T]) is equivalent to the geometry of type II compactifications 
to 6 dimensions with vanishing Ramond-Ramond fields. As a consequence, the under- 
lying spinor fields and are parallel with respect to the spin connections = 
± {Xi_H/A)-, where denotes the Levi-Civita connection. This type of spinor field 
equations, however, implies H = for M compact, so that the holonomy of the metric 
must be contained in SU{m). This stands in striking contrast to generalised Kdhler mani- 
folds (whose structure group is U{m) x U{m)) for which genuinely generalised examples do 
exist [2]. [T3]. 

We therefore consider the general ansatz 

dnpo = Fo, dupi = Fi (2) 

for (complex valued) forms of mixed degree Fq^i. Equations of this type also occur in 
generalised calibration theory, where calibration forms satisfying ([2]) give rise to calibrated 
submanifolds minimising the so-called Wess-Zumino term of the D-brane energy [5]. If -Fo,i 
are of special algebraic type, then the underlying spinor fields satisfy 

V+^L = e'^{aLF];-X-^R + bLFi-X-A{^R)) 
S/^^R = e'^iaRFo-X-^L + bRFi-X-Ai^L)), 

where is a sign-twisting operator on forms and aL,R and bL,R are constants depending 
on m. We refer to these Fq^i of special type as Ramond-Ramond fields, since a generalised 
<S'C/(3)-structure with ([2]) for Fo,i either real or purely imaginary accounts for the Ramond- 
Ramond fields in type II compactifications. Note that similar statements have been asserted 
in the physics literature by Grafia et al. [7], [8], though their findings in [8j seem to con- 
tradict the special case considered in [7]. Simple, but compact examples are provided by 
ordinary 5C/(3)-structures of type or VF3, cf. [3]. Prom a mathematical point of view, 
the condition ((2|) can be interpreted as the Euler-Lagrange equation of the a constrained 
variational problem if the Ramond-Ramond fields are d^^exact (as required by physics). 

Finally, a comment on conventions. In this article, we refer to any reduction of the structure 
group to a subgroup G as a G-structure. This is purely topological and does not imply 
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any sort of integr ability. For instance, in our jargon a complex structure on M is simply 
an almost complex manifold in the sense that the structure group reduces to GL{m,C). 
Though we sometimes use the additional qualifier "almost" we usually omit it for sake of 
simplicity. Bearing this caveat in mind, no confusion should appear. 

The paper is organised as follows. In Section [2] we briefly recall the setup of generalised ge- 
ometry following [11], [12] and [6]. In Section [3l we explain the reduction mechanism which 
leads to generalised SU (m)-structures and consider the relation with generalised Calabi-Yau 
structures and metrics. We interlude in Section H] and discuss supergravity compactifica- 
tions to 6 dimensions and the role played by the Ramond-Ramond fields. We generalise 
the resulting integrability condition to any generalised SU (m)-structure in Section El We 
analyse this condition from a Hodge theoretic point of view and translate it to the setting 
of generalised geometry. 

2 Generalised geometries 
2.1 The group SO(n, n) 

We briefly recall the algebraic setup of generalised geometry as introduced by Hitchin |11| . 

Let (M"'", (7) or simply M"'" denote the vector representation of 0(n, n) with invariant inner 
product g. Because of split signature, we can always choose a decomposition R"'" = W(BW' 
into two maximally isotropic subspaces W and W, i.e. g\w,W' = dimVF, VF' = n. 
Identifying the isotropic complement W with W*, we obtain an isometry (M"'",^) = (W (B 
W*, (• , •)) with (w,^) = ^{w)/2 iov w ^ W and ^ G W* . Moreover, this induces a canonic 
orientation on M"-'", so that we can think oiW ® W* as an 50(n, n)-representation space. 
Note that the choice of W gives rise to the subgroup GL{W) = GL{n) C 0{n,n), as for 
A G GL[d), {Aw^A*£) = {w,^,). The two connected components of GL{n) single out the 
two connected components of 0{n,n) which make up the group SO{n,n). Furthermore, an 
orientation on W gives rise to a space- and timelike orientation which is preserved by the 
identity component SO{n,n)^. 

The Lie algebra of 50(n, n)+ is, regarded as being acted on by the subgroup GL{n)^, the 
direct sum of the irreducible pieces 

5o(n, n) ^ A^{W © W*) = A^W ®W^W*e A^W*. (3) 

The subspace W W* = Ql{n) is just the Lie algebra of GL{n)+ which shows that the 
inclusion of GL{n)^ into SO{n,n)+ lifts to an inclusion of GL{n)+ into Spin{n,n)j^. The 
spin representations S± of Spin{n, n) can be canonically constructed from the choice of W. 
We define for X © ^ G © VF* an action on p G A*W* by 

(X © • /3 = -Xlp + ^ a p. 

It is immediate from the definition that this squares to minus the identity on unit vectors, 
so Cliff{W®W) ^ End(A*VF*) ^ CM{n,n). Moreover, the action of CUff{n,nY'' preserves 
the parity of elements in A*, i.e. even or odd forms are again mapped to even or odd 
forms. Therefore, S± = A''''^'"^W* are the two irreducible spin representations of Spin{n, n). 
As a GL(n)4.-module, we find A • p = V det A ■ A*p, where A*p is the standard action 
of A G GL{n)^ on p G A'^'"'°'^W*. Hence, there is a GL(n)+-equivariant isomorphism 
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S± ^ A'^^'^'^'^W* (g) ^JWW. The choice of an n-vector v allows us to safely identify spinors 
with forms. We shall write this isomorphism as /9 i— > . Note that implies 
p'^^ = e~'^ p^'^ . Next let [•]" denote projection on the top degree component of a e h*W* , 
and ^ the sign-changing operator defined on forms of degree p by 

= (_l)P(P+l)/2c,P. 

A 5pzn(n, n)_|_ -invariant inner product on T{S) is given by (p, r) = v{\p^ A r*^]") S M 
(clearly, this does not dependent on the choice of u). 

A part from the GL(n)+-action, a further class of transformations deserves special interest, 
namely the so-called B- field transformations. As we also see from any 2-form B = 

can be regarded as an element in 5o(n,n). It therefore acts through 
exponentiation as an element of both Spin{n,n)+ and SO{n,n)^. Explicitly, we map B 
into ClifF{n, n) via B ^ YIm ^kiw^ • w\ so it acts on spinors by 

e^,p={l + B + ^B»B + ...)»p={l + B + ^BAB + ...)Ap = e^Ap. 

On the other hand, B becomes a skew-symmetric linear operator W — > W* as an element 
of A'^iW ®W*). Under the identification C A C(^) = {C,X)C - {C,X)C = X^{CAi)/2, we 
obtain 

4o{n,n)iX®0 = ( 

oiiW®W\ where B{X) = XlB. 

2.2 The generalised tangent bundle 

Next, we consider the global situation (cf. [6] and [l2] for details). 

Consider a triple (M, v, H) consisting of an orientable manifold M of dimension n, a nowhere 
vanishing n-vector field u (i.e. a section v G r(A"TM)) and a closed 3-form H (the H-flux 
in physicists' terminology). Choose a convex cover of coordinate neighbourhoods {Ua} of M, 
whose induced transition functions of the tangent bundle are Sah '■ Uab = UaCiUb ^ GL{n)+. 
Locally, H\Ua = dB^"^ for some Bi°-) e n'^iUa). Then we can define the closed 2-forms 
p{ab) ^ ^(«) _ ^ib) ^ n'^OJab). We twist the transition functions 

\^ ah ah 

Sab = (s^)*' ) ^ '^^*''^^+ ^ SO{n,n)+ 

of TM © T*M to get new transition functions aab = Sab ° e^^'"''' : Uab — > SO{n, n)+. These 
give rise to the generalised tangent bundle 

E = ^{H) = J] [/, X (M" © M"*)/ 

which we can view as an extension of T*M by TM . As such it is isomorphic, as a C°°-vector 
bundle, to TM © T*M . In particular, we can identify any section X®^£ T{TM © T*M), 

locally given by Xa © Ca, with the section of E locally given by e^'^" {Xa © ^a) = Xa © 

B^^\Xa)+ia. 
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The importance of the iJ-field appears when we discuss the natural elhptic complex on 
spinor fields associated with E. A canonic spin structure is specified by the transition 
functions aab = Sab • ^ '' , where Sab G GL{n)+ C Spin{n, n)+ denotes the lift of Sab and 
piab) jg exponentiated to Spin{n,n)^. The chiral spinor bundles associated with E are 

S± = S(E)± = U C/a X S±/ S = S(E)± = S+ © S_. 

a 

An E-spinor field p is thus represented by a collection of smooth maps Pa '■ Ua ^ S± 
with Pa = o^ab • Pb- Fix a trivialisation uq of A^M*^ so that I'p^ = Ua = A~^z^o G A"R" 

with E C°°(M). The map pa ^ e~^" ^ ^ ■ Pa glues to a well-defined isomorphism 
p G r(S±) ^ p" e n^''^°'^{M) with {{X © • py = -Xlp" + ^ a p". in the same 
vein, the 5pm(n, n)+-invariant form (• , •) induces on r(S) a globally defined inner product 

{p,r)=i^{[p-A^r). 

The choice of gives also rise to the differential operator 

: r(S±) r(S^), {d^p)a = ■ da{Xa ■ Pa), 

where da is the usual differential applied to forms Ua A*W^* , i.e. {da)a = daO-a- Then 

{d^pY = dnp" 
where dn acts on even or odd forms via 

dfja = da + H A a. 

Since dn is just the ordinary exterior differential d up to the 0-order term HA, dn (and thus 
d^) defines an elliptic complex on Q*{M) = Q'^'"{M)®Q°'^{M) which computes the so-called 
twisted cohomology of M. Up to isomorphism, the cohomology groups W''"^{M,H) only 
depend on [H]. We denote by H^(E) the corresponding cohomology induced by di, (which 
up to natural isomorphism does not depend on z/). 

2.3 Generalised Riemannian metrics 

Definition 2.1 A generalised (Riemannian) metric for the generalised tangent bundle E is 
the choice of a maximally positive definite subbundle V"*". 

The choice of V+ is complemented by a maximally negative definite subbundle V~ so that 
in terms of structure groups, a generalised metric corresponds to the reduction of SO{n, n)+ 
to 50(V+) X SO{Y-) = SO{n,0) x SO{0,n). A generahsed metric is thus equivalent to a 
splitting of the exact sequence T*M ^ E ^ TM ^ 0. We denote by the lift of 
vector fields X G T{TM) to sections in r(V^). Locally, X^ corresponds to smooth maps 
X± : C/a ^ M" © M"* with X^ = aab{X^), and X^ = Xa® P^Xa for hnear isomorphisms 
: M" — > M"*. The symmetric parts of the isomorphisms P^ patch together to give a 
globally defined Riemannian metric (using the lifts X~ yields the same metric). The skew- 
symmetric parts yield a globally defined 2-form B. Passing to E{H + dB) if necessary, we 
may assume that B = 0. Hence a generalised metric on M boils down to a pair (H,g). 
Further, we have the canonical Riemannian n-vector Ug. We shall simply write p for p'^" if 
there is no danger of confusion. 
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A generalised metric induces also further structure on spinor fields [6]. Since M is orientable, 
so is V^. Hence, we obtain a Riemannian volume element w^- on each fibre. Let 

5= (-Ifa 

for a S OP(M). Recast in terms of forms, the action of the operator G = wy-» on S(E) is 

~ I n even: *nP'^ ~ 

I n odd: 

where -kg denotes the Hodge operator associated with the metric. We have the identities 

g2 ^ (_i)n(n+l)/2 ^ (- (p, ^r). 

In particular, Q is an isometry for (• , •) and defines a complex structure on S if n = 1, 2 mod 4. 
Finally, we define the bilinear form (with [n/2] = m for n = 2m, 2m + 1) 

Q^{p,T)=±{-l)'^{p,gT)=g{p,T) on S±, m=[^]. 

If in addition M is spinnable, the presence of a generalised metric also implies a useful 
description of the complexified spinor modules S± (8) C. Let A„, = A be the Spin{n) = 
S'pin(n, 0)-module of (Dirac) spinors. It is irreducible for n odd, while for n even A„ = 
A+© A_, where A± are the irreducible representation spaces of chiral spinors. As a complex 
vector space. An ^ C^'"' . Further, A n carries an hermitian inner product q (which we 
take to be conjugate-linear in the first argument) for which q{a • ^,<I>) = q{'^,a ■ a E 
Cliff{TM (g) C,g'^). There exists a conjugate-linear, iS'pin(n)-equivariant endomorphism A 
of A„ (the charge conjugation operator in physicists' language) such that |19| 

A{X ■ ^) = {-ir+^X ■ A{^) and A'^ = {-iy''^"'+^^/^ Id, m=[^]. (4) 

The operator A preserves chirality if and only if n = 2m with m even. The S'pi?i(n)-invariant 
bilinear form ^(^f, $) = q{A{'i/), ^) satisfies 

A{^, $) = (-l)"^(™+i)/2^($, ^) and A{X ■^,^) = (-1)'"^(^, X-<^), rn=[^]. 

We can embed the tensor product A„ (g) A„ into A*C" by sending ^'l "^r to the form of 
mixed degree 

i^L ^i?](^l, ...,Xn)= A{^L, (Xi A . . . A X„) • ^r). 

In fact, this is an isomorphism for n even. In the odd case, we obtain an isomorphism by 
concatenating [• , •] with projection on even or odd forms, which we write as [• , ■Y'"'"'^. Since 
this map is 5'pin(n)-equivariant, it acquires global meaning over M, and we use the same 
symbol for the resulting map r(A A) ^ 17''^'°'^(M) (referred to as the fierzing map in the 
physics' literature). Let 

[• , •]^^'''°^ : r(A A) n^^'°"'(M) ® c ^ r(s± g) c) . 

Clifford action on A and S-t relate via 

[X-^L(S)^Rf = (-l)"('^-^)/2^+. [*L®*d^ 

~ (5) 
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As ai ■ . . . ■ a2i € Spin(0,n) acts on € A„ via {—ifai ■ . . . ■ 021 ■ ^, the map [• , is 

Spin{n,0) x S'pm(0, n)-equivariant. 

Finally, we shall make the following observations for later use. Let m = (-l)'"("^+i)/2 and 
my = (— The Riemannian volume form zug acts on spinor fields 

, m = [— J, 

where ^± G r(A-i-) are chiral. Since -kgU ■ ^ = a ■ Wg ■ for any form a, it follows that 

, , m=[-]. (6) 

3 Twisted Calabi-Yau structures 

3.1 Classical S'[/(m)-structures 

In terms of structure groups, a usual Calabi-Yau structure on M^*" is equivalent to a 
reduction to SU{m) acting in its standard vector representation. We therefore also speak 
of an SU{'m)- structure. Let us first review this reduction mechanism starting from the 
frame bundle associated with GL{2m). The reduction is achieved by an invariant (almost) 
symplectic form uj £ Q'^{M) and a complex m-form Q G Q,^{M) ® C, which are subject 
to various compatibility conditions [TO]. In particular, $7 gives rise to an almost complex 
structure J inducing a Kahler metric g. This metric admits a canonical spin structure, for 
we can lift the standard embedding SU{m) ^ SO{2m) to Spin{2m) as SU{m) is simply- 
connected. 

Next we describe the reduction from Spin{2m) to this lift (cf. for instance Chapter IV. 9 
in [IE]). Recall that a spinor ^ S A is said to be pure if the annihilator W^j = G C^'" = 
M^'" (g) C I z • ^' = 0} is maximally isotropic with respect to the complex-linear extension 
of the inner product on M^"^. Pure spinors are necessarily chiral, and we obtain a complex 
structure corresponding to the decomposition M^"^ (g) C = ® W^. In fact, there is an 
S'pin(2m)-equivariant correspondence between lines of pure spinors and complex structures 
on R^*". Furthermore, the orbit of pure spinors is isomorphic with M^q Spin[2m) / SU (m) , 
where M^o acts on A± by rescaling. Hence an 5C/(?n)-structure on M^"* gives rise to a 
pure spinor field which we take to be of unit norm. Conversely, any global pure spinor field 
induces an 5?7(m)-structure on M. We recover the symplectic form from the metric and the 
induced (almost) complex structure, while the complex volume form is obtained by squaring 
the normalised spinor field, i.e. \\"^\\'^= Q. 

3.2 Generalised Calabi-Yau structure 

In general, squaring a pure spinor field trivialises the canonical line bundle of the induced 
complex structure, that is, we have an 5L(m, C)-structure. Following [Tl], these structures 
generalise as follows. 

Definition 3.1 A(n) (almost) generalised complex structure on {M'^"^,H) is given by an 
isometry J G End (E) such that j'^ = —Id. 
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Put differently, a generalised complex structure is an orthogonal splitting E (g) C = W © W 
into isotropic complex vector subbundles W and W. In terms of structure groups, this is 
equivalent to a reduction from SO{2m,2ni) to U{m,m). Furthermore, W determines the 
associated line bundle K.j of pure spinor fields in either S+ C or S_ (gi C. 

Definition 3.2 A(n) (almost) generalised Calabi-Yau structure on {M,H) is defined by a 
pure spinor field p £ T{S± C) with (p, p) 7^ 0. 

Remark: The condition {p, p) / ensures that Wp defines a generalised complex structure. 
Since K.j ® Kj = A^™W* for orientable M, p induces a further reduction from U{m,m) 
to SU{m,m) (see [I^ for details). 

Example: Consider a classical Calabi-Yau structure (M, a;,0) whose complex structure is 
given by J. We define the spinor fields po = mexp(— iw) and pi = 17, where the sign of po is 
put for convenience and has no intrinsic meaning. Then po and pi trivialise Kj-^ and Kj^ 
corresponding to 

Juj = ( ^ I and Jn JO 



^io J " V J 

Further, the compatibility condition A Q = myi"^u}^ is reflected in the relation 

ml 

fn—{po,p^) = {pi,pl) 7^ 0. (7) 

In order to generalise S'C/(m)-structures we need an appropriate notion of a generalised 
Kahler metric. The following definitions are due to Gualtieri [9]. 

Definition 3.3 (i) A(n) (almost) generalised Kahler structure on {M'^^,H) is defined by 
a pair of generalised complex structures {Jq,Ji) such that 

• JoJi = JiJq 

• Q = —JqJi defines a generalised metric. 

In terms of structure groups, this corresponds to a reduction from SO{2m,2m) to U{m) X 
U{m). 

(ii) A generalised Calabi-Yau metric on {M,H) consists of po G r(S+), pi £ r(S(-_i)m) 
such that 

• both pq and pi induce a generalised Calabi-Yau structure with 

c(po,po) = (pi,pr) (8) 

for some constant c. 

• the induced generalised complex structures (M, Jp^ , Jp^ ) define a generalised Kahler 
structure. 

Example: Taking up our previous example, we see that 

Q = —JnJuj = —JujJn = ( n 
Hence, any 5[/(m)-structure defines a generalised Calabi-Yau metric on M^™. 
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3.3 Generalised S'f/(m)-structures 

Generalised Calabi-Yau metrics are defined by a scale-invariant condition. In terms of 
structure groups of E, they turn out to be equivalent to the following structure: 

Definition 3.4 (cf. [6]) A generalised 5C/(m)-structure on {M'^"^,H) is a reduction to 
SU{m) X SU{m) ^ M^o x Spin{2m,2m), where the inclusion of SU{m) x SU{m) into 
Spin{2m,2m) lifts the inclusion SU{m) x SU{m) ^ SO{2m) x S0(2m) given by the stan- 
dard vector representation. 

Lemma 3.5 A generalised SU {m)- structure is characterised by either set of data: 

• a metric g, a 2-form B, a function (j) and two pure spinor fields ^ l,r £ r(A+) of unit 
norm. 

• an n-vector field v and a pair of SU{m) x SU{m) -invariant spinor fields po € r(S+(8) 

c), pi G r(S(_i)m ®c). 

// we let V = e^'f'Vg, then 

= e-<^e^ A [A{^l) i?] , Pi = e-'^e^ A l ® i?] 
for suitably chosen ^ l and ^'r. 

Remark: For a given generalised SU (m)-structure we usually incorporate the induced B 
field into the ff-flux as we already did for generalised metrics (cf. Section [2?3]) . For reasons 
becoming clearer in Section [U we refer to (f) as the dilaton. 

Let us briefly outline the argument from [6] which is similar to the case of generalised G2- 
structures [21]: Since the projection oi SU{m) x SU{m) down to SO{m,m) sits inside some 
SO{2m) X SO{2m) ^ S'0(V+) x S'O(V-), a generalised S'C/(m)-structure singles out a 
generalised metric {M,H,g). Moreover, the structure groups 50 (V^) = SO {2m) of the 
vector bundles reduce to SU{m). Since these are isomorphic with the tangent bundle, 
the latter is associated with two global <S'C/(m)-structures inside the underlying SO{2m)- 
structure, giving rise to the corresponding pure spinor fields ^l,r- By equivariance of the 

mapping [• , , the E-spinor fields defined by po = [^(^'l) ® and pi = l ® 

are SU{m) x S'[/(m)-invariant. Furthermore, any such pair (poiPi) is of this form. 

Example: Consider an 5C/(m)-structure (M, g,^') given by a pure spinor field ^' of unit 
norm. By the lemma, it defines a generalised S'C/(?n)-structure with = 0, </> = and 
^ L = ^ = ^'/j, or equivalently 

Remark: In general, the two SU (m)-structures do not reduce to a common subgroup 
as in the previous example (where they are equal). If they do, the induced generalised 
5C/(m)-structure will be referred to as straight. For instance, consider a Riemannian spin 
manifold (M^,g) of dimension 6 with two pure orthogonal spinor fields ^'l and r (in fact, 
in dimension 6 any non-zero spinor is pure). Then the associated S'C/(?7i)-structures reduce 
to SU{2) (the stabiliser of a pair of orthogonal spinors). 

Proposition 3.6 A generalised Calabi-Yau metric is equivalent to a generalised SU{m)- 
structure. 
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Proof: Let us start with a Calabi-Yau metric {po,pi). The dilaton accounts for rescaling 
so we assume the spinor fields to be normalised. Denote by J'q and the induced endo- 
morphisms of E. Since these commute, the decomposition E C = Wq © Wq is stable 
under Ji. Therefore, restricting Ji to Wq decomposes this space into iti-eigenspaces W^. 
As a result, E (g) C = Wq © Wq © Wq © Wg . Moreover, since the generalised metric 
satisfies G = —JqJ\, we obtain an orthogonal decomposition of the definite eigenbundles 
© C = © Wq . Hence, carry a [/(m)-structure whose canonical line bundles 
are k± = A™ W^* . On the other hand, 

^\ ^ A'^"'W*Q = A2"*(W+ © Wq )* ^ A™W+* © A™Wo * = k+ © k_. 

Since J^i = GJ^o acts on © Wq as i • Id, we deduce that 

K^^ ^ A^'^Wl = A2'"(W+ © Wq )* ^ K+ ©«_. 

Since po and pi trivialise Kj-g and Kj-^ respectively, «;_|_ = k_ = k- so that and are 
trivial. Furthermore, ([8]) implies that the normalised trivialisations pk induce constant length 
trivialisations of k±, that is, the structure group of reduces to SU{m). Conversely, take 
an SU (m) x SU (m)-invariant pair (pO) Pi)- The inclusion SU (m) x SU (m) C U (m) x U (m) 
induces a generalised Kahler structure (i7o,Ji) such that the corresponding spaces Wq and 
Wi of (1, 0)-vectors are the annihilators of pQ and pi. Finally, ([8]) follows from ([7]), ([5|) and 
the Spin{2m, 2m)-invariance of (• , •). I 

4 Ramond-Ramond fields 

In this section we derive the geometric setup which governs supergravity compactifications 
to a 6-dimensional space, starting from the 10-dimensional supersymmetry variations. This 
involves two kinds of fields, namely the NS-NS- (Neveu-Schwarz) and R-R- (Ramond- 
Ramond) fields. The NS-NS-fields define a generalised 5C/(3)-structure, while the R-R- 
fields give rise to certain spinor field equations. Before we deal with the mathematical 
aspects we briefiy sketch the content of type II theories, following [5], [H], [18], [22] . 

4.1 Type II theory 

Strings are 1-dimensional objects and therefore come in two flavours - they are open or 
dosed if the parametrising intervall is of the form [a, b] C M or 5^. As strings evolve in an 
n-dimensional space-time A^^'"~^, they sweep out a 2-dimensional surface, the worldsheet 
S. Instead of thinking of S as an embedded surface, one can interpret the embedding as 
a bosonic field, i.e. a map Xj^ : S A^^'"~^. Moreover, we also have two fermionic fields, 
the so-called left and right mover ipi, ipR G ^(A^ © TN^-^), where ^ are spin bundles 
associated with some spin structure on S (which do not necessarily coincide). We can use 
these fields to define an action functional which determines the physical theory. After an 
appropriate quantisation process, it turns out that for a consistent theory the space-time 
needs to be of dimension 10. A key requirement for this action is its invariance under su- 
persymmetry transformations. These map the bosonic field content, which in mathematical 
terms we can think of as elements in a 5pm(l, 9)-vector representation, in a 1-1-fashion 
onto the fermionic field content, that is, elements in a Spin{l, 9)-spinor representation. The 
amount of supersymmetry one requires to be preserved depends on the theory. For the mo- 
ment, we know five consistent superstring theories, namely type I, type IIA, type IIB, and 
two heterotic theories. They are non-trivially related to each other through duality maps. 
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In this article we shall consider type II theories. Both types are defined by a dosed string. 
In this case, S is diffeomorphic to the cylinder 5^ x M on which we introduce the complex 
coordinate w = ai + ia2- Apart from the trivial spin bundle on S, whose sections are 
characterised by the Ramond gluing condition 

Ramond (R) : '4)l,r{w + 2-k(Ji) = iIjl,r{w)-, 

there exists a non-trivial bundle with the Neveu-Schwarz condition 

Neveu-Schwarz (NS) : '4^l,r{w + 2iTai) = —iPl,r{w). 

After quantisation the left and right movers become operators over Hilbert spaces which 
we accordingly label by NS and R. For these Hilbert spaces one can construct a discrete 
spectrum of states and a mass operator whose eigenvalues assign a "mass" to each of these 
states. 

For a meaningful theory we need a vacuum state, that is a massless ground state. This makes 
perfect sense from a phenomenological point of view, as the next level of the mass spectrum 
has Planck mass. However, particles of our "real" world are far too light and should be 
rather considered as perturbations of the vacuum state. For the action of the zero modes, 
i.e. the operators preserving the massless ground states, a careful analysis shows that the 
NS-ground states are non-degenerate and can be represented by a vector, while the zero 
modes acting on the (degenerated) R-ground states satisfy the Clifford algebra relations, 
reflecting the fact that R-ground states can be represented by a spinor. We single out the 
physically relevant part of the spectrum by a so-called GSO-projection. For this we need 
to introduce the fermion operator which labels every state with + or — . The combination 
NS-, however, is ruled out as the mass squared of these states is negative. 

In type II theories the various particles belong to sectors which are defined by the ordered 
pair of the zero mode ground states. For instance, the {NS+, i?+)-sector indicates that the 
left moving ground state is NS+ while the right moving ground state is R+. To formulate 
the type II theories consistently we need to impose three selection rules, for instance modular 
invariance at 1-loop. For type IIA and IIB this forces the vacua to lie in the sectors 

IIA: {NS+, NS+) e NS+) © {NS+, R-) © R-) 
IIB: InS+, NS+) © NS+) © {NS+, R+) © R+). 

The effective dynamical degrees of freedom for the left and right mover are encapsulated 
in the normal bundle of the world-sheet in TN. Consequently, the internal symmetry 
group for the degrees of freedom of the NS- and R-states is SO{8) and Spin{8). By the 
triality principle we can associate the vector representation 8v with NS+ and the two spin 
representations of positive and negative chirality, 8 and 8', with R+ and R- respectively (in 
the sequel, we shall drop the label it for sake of simplicity). The physical fields are then 
accounted for by elements in the irreducible components of the tensor product associated 
with a given pair. For instance, the NS-NS-sector is represented by 8v®8v and is therefore 
bosonic. It can be decomposed into the trivial representation 1, the 2-forms A^Sy and 
the symmetric 2-tensors 0^8v. These modules contain the fluctuations (i.e. first-order 
deformations) of a dilaton field (/> G C°°(A^), a B -field B £ n'^{N) and a metric g E O^(iV) 
defined on the space-time A^. The second bosonic sector is the R-R-sector. Here, the 
elements of the irreducible components induce the so-called Ramond-Ramond potentials. 
For type IIA one obtains G n^{N) and G ^^(N), while for type IIB we have C° G 
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OO(iV), C72 e n'^{N) and the self-dual 4-forni C| G J^+(iV). In the fermionic sectors R-NS 
and R-NS we find the gravitino (which is of spin 3/2, X denoting the vector index) and 
the dilatino A (of spin 1/2). The full description is given in Tabled! The subscript of the 
gravitino distinguishes with which mover the R-sector is associated; "L" denotes the left 
and "i?" the right mover. 



sector representation bosons/fermions dim 

{NS+, NS+) 8v 8v = 1 © A^8v © 8v (t)®B®g bosonic 1 + 28 + 35 

{R+, NS+) 8 © 8v = 8' © K^S' A+ © ^x,l fermionic 8 + 56 

{R-,NS+) 8' © 8v = 8 © A^8 A+ © ^xx fermionic 8 + 56 

{NS+, R+) 8v © 8 = 8' © A38' A_ © ^x,r fermionic 8 + 56 

{NS+, R-) 8v © 8' = 8 © A^8 A_ © ^'x.j? fermionic 8 + 56 

{R+, R+) 8 © 8 = 1 © A28v © A|8v C° © © 0% bosonic 1 + 28 + 35 

(i?+, R-) 8 © 8' = 8v © A38v © bosonic 8 + 56 



Table 1: The various sectors appearing in type II theories 



By considering only massless states and passing to the low energy limit of superstring the- 
ory, we effectively enter the realm of supergravity defined on a ten-dimensional Lorentzian 
space-time {N,g^'^). Here, space-time supersymmetry can be achieved by introducing a 
globally well-defined supersymmetry parameter. This parameter is non-physical in as far it 
is introduced for mathematical convenience only. For type II theories, e is built out of two 
space-time spinors £1^2, whence the name type II. These are of opposite chirality for type 
IIA and of equal chirality for type IIB. For the supergravity action to be invariant under 
the supersymmetry transformation induced by (£1,62), the supersymmetry variations of the 
bosonic and fermionic fields have to vanish. It turns out that the supersymmetry variations 
of the bosonic fields depend only on (£i,£2) and the physical fermions (the gravitino and 
the dilatino). Conversely, the variations of the fermionic fields depend only on (£i,£2) and 
the bosonic field content. We make the usual assumption of a vacuum background, that is, 
there are no fermionic fields. This implies the vanishing of the bosonic variations, but of 
course we still need the vanishing of the fermionic variations, 

^{eue2)'^X = 0, (5(,^,,,)A = 0. (9) 

Both equations involve the differentials of the S-field and the R-R-potentials C^. More 
precisely, we have the fields 

H = dB, F^''^°'^ = e-^ A (i(e-^ A C""^'"^) = dnC'^'^'', 

where we consider the R-R-potentials as an even or odd form in Q'^'"'°'^{N), following the 
spirit of generalised geometry. This, of course, must not increase the number of degrees of 
freedom, as reflected by the anti-self-duality condition on the R-R-fields F^'"'°'^ 

pev,od ^ _ g f^d_ (10) 

Here, we take the Hodge star ★i^g with respect to the Lorentzian space-time metric g^'^. 
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4.2 Supersymmetry variations 

Next we discuss the precise shape of the fermionic variations JO]) based upon the so-called 
democratic formulation of Bergshoeff et al. [1]. With our conventions (in particular, X ■ X = 
—g{X,X)l for Clifford multiplication), these read as 

Se^x = Vxe + ]{X^H).Ve-{-ir'"''^e^ V F^' • X • P%, (11) 
4 lb ^-^ 

p=ev,od 

6eX = d^-e + \H ■Ve + \e'^ (5-p)FP-P%, 

p=ev,od 

where we rearranged the supersymmetry parameters ei^2 in a 2-component vector e = 
{£i,£2)^ ■ Further, we use the linear operators V,W given by 

P=(J _J),P^=(J J ) ^'^O, lmod4, pP = (-l)f J "J)p^2, 3mod4, 

which we consider as elements of End(A+ © A_) for type IIA and of End(A_|_ © A+) for 
type IIB. 

Instead of considering the variations x = 0, ^^A = 0, we will use the equivalent set of 
conditions 

5e^X = 0, K^e^) - ^eX = (12) 

with Clifford multiplication // : T{TN (g) A) — > r(A). Thus, the second equation becomes 
X^SfcCfc • <5e^efc + ^eX = in terms of some fixed local orthonormal basis cq, • • • , eg with 
Sk = llcfci, known as the modified dilatino equation [H|. Using the standard identities X-F^ = 
X ^FP - X^FP and FP ■ X = {-1)p{X A FP + XlFP), we obtain 

/i(5e^) -6eX = I)e-d(t>-e + ^H ■ Ve. (13) 

4.3 Compactification 

Compactification is a method for constructing space-times (A^, 5^'^) such that equations (fT2]l 



hold. For this we take to be a direct product of the form {M}'^ x M", (7q'^~" x g^), where 
ffo'^"" is the flat Minkowski metric on the external space M^'^"" and g = some Riemannian 
metric (to be determined later) on the n-dimensional (compact) orientable spin manifold 
M, the mierna/ space. With the appropriate ansatz, the conditions for the space-time to be 
supersymmetric can be entirely phrased in terms of the internal geometry of M. We shall 
discuss the case of type IIB for n = 6 explicitly (cf. also [8], [17]). 

The orthogonal decomposition of the tangent bundle gives rise to a factorisation of the 
corresponding Clifford algebra. More precisely, we have Cliff{R^^^) = ClifF{R^^^)^ClifF{R^), 
where © denotes the induced Z2-graded algebra structure defined on elements of pure degree 
by a©6 • a'^b' = {-l)'^^s{b)dcg{a')^ . ^/g^ . j^, rpj^g ^^^^ representation of Cim{R^^^) is thus 

isomorphic with the tensor product A^'^©A®, where A^''^ and A® are the spin representations 
of ClifFCM}'^) and CJiff(M^) respectively. Note that the volume forms vol^'^ and vol^ square 
to —Id, while vol^'^ squares to Id. By our conventions A^^ are the ibi-eigenspaces of vol^'^ 
while A^ are the =F^^eigenspaces of vol^. Hence, we get the decomposition 
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In passing we remark that that SpiuQ^l, 3) = SL{2, C), so we have, as for n = 6, a conjuga- 
tion map A on the space of spinors which interchanges the chirahty. For the supersymmetry 
parameters we choose then the simple splitting 

with external and internal unit spinor fields C+ e r(Mi'3, A^^) and ^-l,/? G T{M, AI). The 
former is taken to be parallel with respect to the canonical spin connection induced by the 
Levi-Civita connection, i.e. ' C+ = 0. This simple ansatz is not only for computational 
convenience, it also makes sense from a physical point of view as we do not expect to observe 
supersymmetry directly. Instead, supersymmetry is supposed to be broken. Therefore, one 
naturally starts from a minimal supersymmetric vacuum background. 

Next we turn to the bosonic field content. We assume the dilaton and the H-Qux on A'' 
to be internal, that is they are induced by (/> G C°°(M) and H € O'^(M). Together with 
the spinor fields we therefore get a generalised 5C/(3)-structure for {M,H). For the 

Ramond-Ramond field F G Vt°'^{N) we introduce two internal fields G VL°'^{M). We 
combine these to preserve 4-dimensional Poincare invariance, i.e. 

F = vol^'^ AFa + Fh 

In this setting, the 10-dimensional Hodge duality constraint (fTO]l yields on M 

Fa = -GFb (16) 

whence Fa = —QFi, as follows from a direct computation or by using Lemma ISTTI in the next 
section. 

Now we can describe the conditions for a supersymmetric type II background in terms of 
the internal geometry of M . Let denote the Levi-Civita connection of g as well as the 
canonically induced spin connection. We define the metric connections 

v±y = v^y±^i/(x,y,.), 

whose lift to r(A-i-) we keep on denoting by V^. 

Proposition 4.1 (i) Any supersymmetric type IIB background compactified to {M^,g) via 
the ansatz and I115\) is equivalent to a generalised SU (3) -structure {g,<p,"^L,^R) on 
{M,H) and an odd form Ft, G Q°'^{M) satisfying the following conditions: 

• the algebraic constraint 

Ft,-^L = 0, Fi,-^R = 0. (17) 

• for all X G X{M), the internal gravitino equations 

^x^L = -le't'Fb-X-^R 
V^^R = le'^Fh-X-^L 

• the internal dilatino equations 

(D - # + ^H) ■^L = 0, {B-d<P- ^H) ■^R = 0. (19) 
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(ii) Any supersymmetric type IIA background compactified to {M^,g) via the ansatz [T4\) 
(with A{'^ii) instead of'^R in the definition of €2) o,nd /il5\} is equivalent to a generalised 
SU (3) -structure {g^cf)^'^ l-,^ r) on {M,H) and an even form G Q'^'"{M) satisfying the 
algebraic constraint / fJ7|) . the internal dilatino equation U9\) and for all X G X(M) the 
gravitino equation 

Proof: (i) Fix coordinates x^, /i = 0, . . . , 3 of M^-^ and x'' , k = A, . . . ,9 of M. We 
start with the gravitino variation (fTTI) and consider the "external" variation Sc'^q^. Since 
C+ is parallel and H £ Q^{M), we only need to take the R-R part into account. Then, for 
instance, we find for the Ramond-Ramond 7-form term 

= {d,-voi'''^F!)(^_i'^y 

The remaining terms follow analogously. For ei we thus obtain 

d,-C+(S) {F^ + f3 + F^ - iFl - iFl - iFl) ■ ^>L 

■ AiC+) ® (Fi + f3 + Fj^ + iFl + iFl + iFl) . A{^l) 

^ • C+ ® {Fh + iQFi,) -^L + d^- ^(C+) ® (Fb + iGFb) ■ A{^l)- 

Proceeding in the same way with £2, the vanishing of the supersymmetry variation ds'^n = 
implies the algebraic constraints (fT7|) . for QFb-'^L = —iFb-'^L- The conditions Fb-A{'ifL) = 
0, Fb • Ai'ifR) = hold automatically by dH). 

Next we investigate the gravitino variation ^e^e^. for internal coordinates. For the NS-NS- 
part (1 V|Je + \{dk^H) ■ Ve we find 

C+ ® (V|^ + \{dk^H)) ■ + ^(C+) ® (V|^ + \{dk^H)) ■ A{^l) \ 
C+ ® (V|^ - \{dk^H)) ■ ^R + ^(C+) (V|^ - lidk^H)) ■ Ai^R) J ■ 

The R-R-part can be dealt with in a similar fashion as before. We get 

/ C+^Fb-dk-^R + A{C+) Fb ■ dk ■ A{^r) \ 

V -c+ (dFb-dk-^L- Aic+) ®Fb-dk- A{^l) ) ■ 

Combining the NS-NS- and R-R-part, we finally derive the internal gravitino equation (fTSl) . 

For the modified dilatino equation (fT3]) we note that there is no external contribution, for 
the spinors fields C± are parallel and the -ff -field and the dilaton (f) are only defined on the 
internal space. Thus the modified dilatino variation boils down to (fTOl) . 
(ii) Mutatis mutandis, the same procedure can be carried out for type IIA. ■ 
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4.4 A no-go theorem 

To illustrate the relevance of Ramond-Ramond fields from a mathematical perspective, we 
investigate the internal gravitino and dilatino equation for the case F^i = 0. 

Example: In absence of any bosonic fields, the conditions (fTTl) . ([TS]) and (fTOl) reduce to 
V^'I'L.ij = 0. In particular, the angle is constant. As a result, we obtain a 

straight generalised 5C/(m)-structure whose holonomy is contained in SU{3) and reduces 
even further to SU{2) unless ^'l = ±^r. 

We are going to prove that = prevents the existence of a solution other than a straight 
one provided M is compact. In fact, the subsequent arguments apply to any n-dimensional 
manifold M with {H, g, cp,"^) such that the spinor field equations 

V+* = V^^ + ^(XLi7)-^ = 0, (# + ^F)-^ = 0, (20) 

hold. The key assumption here is that H is closed. Instances other than the internal spaces 
of the previous section are strongly integrable generalised G2- or 5pzn(7)-manifolds [21]. 

First we need a curvature result. Applying Corollary 5.2 of [1], the Ricci endomorphism 
Ric+ of V+ is (using V^{H ■ = (Vl^H) • ^' etc.) 

Ric+(X) • ^ = (V+i7) • ^' = -2iV+d(P) • 

whence Ric+(X) = -2Vj^#. 

Lemma 4.2 The scalar curvature of V"*" is S'^ = 2A^(j), where is the Riemannian 
Laplacian on functions. 

Proof: Picking a frame with Ve^ej = at a fixed point, we obtain 

Ric+(ej,efc) = -2g{\/^J<p,ek) 

= -2ej.5(#,efc) +5r((i(/>, V+Cfc) 
= -2ej.ek.4> + {ek^ej^H).(j)/2. 

The first summand is minus twice Ti^ , the Hessian of </> evaluated in the basis {e^}. Hence 
Ric+(A:, Y) = -2H^{X, Y) - Xi.Y^H/2, so that S+ = 2A9^. ■ 

Proposition 4.3 For a spinor field ^' G r(A) satisfying (2^), it follows S+ = -3\\Hf. In 
particular, <f) = if and only if H = 0. Furthermore, if M is compact, then H = 0. 

Proof: Let D+ denote the Dirac operator associated with V"*", i.e. locally Z)+^ = Cfc • 
V+ By Theorem 3.3 in [1], 

B+{H ■ ^) = {d*H ■ -2a^ • -2 Y^iek^H) ■ V+ 

where 2a^ = ^{ek^H) A (ek^H). Now 

-2^(efcLi^)-V+ = ^Yiek^H)-iek^H)-^ 



16 



for some further 2-form a. On the other hand side, using the proof of the previous lemma, 

= -2^efc-(V+#)-^ 

= -2j^(efcAV+#-efcLV+#)-^' 
= [ol - 2A^) ■ ^, 

for some 2-form a'. Hence contracting with (?(^', •) yields 

{q{aP ■ ^, ^) is purely imaginary for p = 2(4) and real for p = 0(4)) . As g(^, 2a^ ■ ^) = 
by Corollary 3.2 in [4], the previous lemma implies 3 ||-ff |p= —S~^. Hence, if M is compact, 
= 0, as follows from integration of I 

Remark: There are compact examples of generalised G2- and 5pm(7)-structures satisfy- 
ing (I20D for H,dH ^0 [21]. 

5 Variational principles and integrability 
5.1 Generalised Hodge theory 

Let {M'^ ^v^H^g) be a closed oriented generalised Riemannian manifold. Integration of 
(cf. Section [2|) with respect to the volume form voy dual to u yields an inner product on 
r(S±) given by 

^ Jm ^ Jm 

As we have remarked above, the complex di, : T{S± — > r(Sip) is elliptic so that Hodge theory 
applies. Using the straightforward 

Lemma 5.1 For a differential p-form a and a vector field X (respectively its dual), we have 
the identities 

^ , ^.\s.\-nn~ f (-l)"*"'"^ia, n = 2m , ^ ^ . ^ ^ <~- ,^ 

*« = (-1)'^^ ^*"= I J_ljm+i;f^^ n = 2m + V *(^^«)=^L*a, da = -da. 

one immediately shows that the formal adjoint d* of dy is 

dl = (-l)[tl+"gd,g. 

Remark: In particular, d*^ = QdnG is the formal adjoint oldn with respect to the standard 
L^-inner product on forms. In absence of H this gives the usual formal adjoint d* = 
(_]^)"P+"+i^ (i* for forms of pure degree p. 

Hence, any cohomology class in H^{Ei) has a unique harmonic representative r G r(S-i-), i.e. 
dyT = 0, duGr = 0. In analogy to classical Hodge theory, these harmonic spinor fields can 
be thought of as critical points of the functional Q(r) = (r, r) restricted to a cohomology 
class. 

In order to incorporate a Ramond-Ramond field, we associate with 7 G r(S±) the functional 
T G r(S-i-) I— > C^(r) = (^7, r). Restricted to the cohomology class of r, the first variation 
of Q at r is (5Q('r) = (r, f), where f = d^a is a spinor tangent to [r]. On the other hand, 
5C{f) = {Q'y,'!-) so that introducing a Lagrange multiplier yields 
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Proposition 5.2 A d^-dosed chiral E-spinor field r is a critical point in its cohomology 
class for Q subject to C^(r) = const if and only if d^Qr = Xd^^, A £ M. 

The variational principle we have discussed so far presupposes the choice of a generalised 
metric. For n = 6, the case relevant for physics, there exists an intrinsic variational problem 
for generalised Calabi-Yau structures relying on Hitchin's notion of stability [TT]. Recall 
that such a structure is specified by a pure complex spinor field p = r + zr^ € r(S±(8)C) (cf. 
Section with (p,/)) / 0. The real part of p is a section of the fibre bundle associated 
with the open orbit ]R>o x Spin{<6,&)j^/ SU{2>,'i). Consequently, the set U of real spinor 
fields r defining a generalised Calabi-Yau structure is an open submanifold of r(S± ® C). 
Following Hitchin's language such spinor fields are called stable. A stable t £U determines 
£ U in & non-linear fashion. Note that rtt = -T. For instance, if p happens to be 
the component of a generalised 5i7(3)-structure, then = Gt, where G is induced by the 
underlying generalised S'C/(3)-structure). We define a functional V : ^ R by 

V(r) = / {t^,t)wu = ^I {p,p)^u- 

Since stability is an open condition, we can differentiate this functional and ask for a critical 
points in a given a cohomology class. In [11], Hitchin shows that {6V)r{f) = fj^j{T^,f), 
so that a dj^-closed spinor field r is a critical point in its cohomology class if and only 
if d^T^ = 0. In particular, we obtain d,yp = 0, which Hitchin adopts as an integrability 
condition for generalised Calabi-Yau structures. If a generalised 5C/(3)-structure (poiPi) 
consists of two such integrable Calabi-Yau structures, then c?po,i = 0, so that ro,i is harmonic 
with respect to the induced generalised metric. 

Again we can constrain the variational principle. For 7 G r(S±) we define the functional 
C^(r) = (7, r) on r(S±). As above, we deduce the 

Proposition 5.3 A closed chiral spinor field t G r(S-i-) is a critical point in its cohomology 
class for V subject to C^(r) = const if and only if d^r'^ = \dy^, A G M. 

Example: Consider a straight generalised 5C/(3)-structure given by po = e~^^ = 1 — iu! — 
up' 12 + iuP 1^ and pi = O = "0+ + as in the example of Section [331 Then both po and 
p\ are induced by an unconstrained critical point of V if and only if dw = 0, dip± = 0. 
Equivalently, the holonomy of g is contained in SU{3) (cf. for instance [ID]). Further, if 
du! 0, tq = 1 — up 12 defines a constrained critical point for any constant multiple of 
7 = u; + da^ provided A w = 0. Similarly, if d'i/'qi / 0, then t\ = ip± defines a constrained 
critical point for any constant multiple of 7 = ip^ + da^ provided dip± = 0. We come back 
to this example in the next section. 

5.2 Spinor field equations 

In the light of the constrained variational principle, we consider a generalised SU (m)- 
structure (pO)Pi) on {M,H) (M not necessarily compact) satisfying d^po,! = ^0,1 for (not 
necessarily exact) complex-valued spinor fields 990,1- We can rephrase this condition in 
terms of the corresponding data (g', ^'l, ^/j) (as before, we modify H by the global in- 
field coming from the generalised 5'^7(m)-structure if necessary). Let Fq^i = (/Jq^^, then 

dHe-''>[A{^L) 55 ^r] = Fo, dne-'t'l^L ® ^i?J = ^i. (21) 



18 



Before we try to reformulate these equations in terms of spinor field equations on ^l,r, 
we put an additional condition on the forms Fq^i which for n = 6 will reproduce the con- 
straint (fT7|l . To this end, assume m > 3 and let A'^ = A'^C'" be the k-th exterior power of the 
vector representation of SU{m). Then A"' ^ C and A™^ ^ (_)^m"fe)* ^ Further, we 
have an orthogonal decomposition into S'C/(m)-representation spaces A_|_ = A*"® A*""^©. . . 
and A__ = A"*"^ © A™"^ © . . . (cf. for instance [19]). Schematically 

meven: A+ = C © © C, A„ = C"©W©C"", 
modd: A+ = C©y©C™, A_ = C^©F©C, 

where V, W and W are (not necessarily irreducible) S'C/(m)-modules. 
Example: For m = 3 we find V = {0}, while for m = 4, = A^ and W = {0}. 

The 5'C/(m)-invariant spinors spanning the trivial representations are ^' and A{'^). As 
noted in Section [31 ^ (and thus A{"^)) are pure. The induced complex structure J satisfies 

X-^ = iJX ■ ^, (22) 

X G M^"^. Taking SU{m) = SU{m)L with invariant spinors ^ l and A^^ l)-, an orthonormal 
basis of C™ (resp. C") is given by zi^^ • A{^ l) (resp. 'zi^k • ^l) for a unitary basis z^^k = 
(cfc — iJLek)/'i of C". Replacing ^'^ by ^'/j and Jl by J/j gives the decomposition as an 
5C/(m)i;-module. Further, 

A^^ = A+ © A+ © A_ © A_, A"'^ = A+ © A_ © A_ © A+ for m even 
A<^^ = A+ © A_ © A_ © A+, A"'' = A+ © A+ © A_ © A_ for m odd. 

In the sequel, given SU{m)L x SU{m)R = SU{m) x SU{m), we regard the left resp. right 
hand side factors of A © A as an SU{m)i- resp. 5f/(m)ij-module. We shall write C™, 
etc. accordingly. In particular, all these decompositions acquire global meaning for (M, H) 
endowed with a generalised SU (m)-structure. 

Definition 5.4 Consider a generalised SU{m) -structure given by {g^c})^'^ l-,^ r) ■ 

(i) Let m he even. An odd form F G Q°'^{M) © C will he called a Ramond-Ramond field for 
the generalised SU{m) -structure if pointwise 

F e ^^^^©Cf ©Cf©Tyij c A+ © A_ © A_ © A+. (23) 

(ii) Let m he odd. An odd form F G il°'^{M) © C will he called a Ramond-Ramond field for 
the generalised SU {m)- structure if pointwise 

F€CT® (C^' © Vr) © (Cf © T^) © Cf C A+ © A+ © A_ © A_. (24) 

Similarly, an even complex form F G r2^*'(-/Vf )©C will he a Ramond-Ramond field if pointwise 

Fg (C^^© Vl) ©Cf ©Cf © (C^©yR) c A+ © A_ © A_ © A+. 

The following proposition justifies our jargon. 
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Proposition 5.5 For any Ramond-Ramond field associated with a generalised SU{m)- 
structure {po,pi) — (5, i?i>, ^'l) on {M,H) we have 

F.^fL = 0, F-A{^l) = 0, F-^r = 0, F-A{-^r) = 0. (25) 

Equivalently , 

F± . po,i = 0, 

where F^ denotes the image of F under the extension of X £ TM 1-^ G (cf. 
Section \2.3\} . Furthermore, the converse is true for m = 3. 



Proof: First, we need a technical lemma. 

Lemma 5.6 Let d = dime A = 2™ and ^ G A. Then 

^[^^].^ = q{A{^),^)<^. (26) 

and 

, ~, I m even: <I>1 , 

[$ (8) ^-l = < ^ V (27) 

[ m odd: (0 

Proof: The trace operator Ti{A* B)/d defines a positive-definite hermitian inner product 
on End(A). If {ex = ^ki ' ■ ■ ■ ' ^kr) is an orthonormal basis for CliS{W,g) and thus for 
CM{W'^,g'^), then so is {^(ei^)} for (End(A), Tr/d). First we note that K{a)* = k{2) and 
g'^{a, b) = [a - 6]", that is, g^{a, h) equals the zero degree component of a • 6. Let c such that 
g'^{c,a) = Tr(Av(a)). Then c belongs to the centre of CliS{W'^ , g"^) (for g^{a-b,c) = g'^{b,a- 
c) = g^(a, c ■ b)), whence c = d. In particular, Tr(K(e/^)*«;(eL)) /d = g'^{l, cr ■ cl) = 6kl- 
Next let {ik} be an orthonormal basis of A. Define ^'0^>:A^Aby^'0 $(0 = 
g(^(^'),0$- Then 



= i^Tr(K(eii-)*o^0$)K(eA') 

K 

= \^(l{A^).ik)q{eK-ik.^)K{eK) 



K,k 



^Y,q{A{^),eK-^)i^{eK) 



d 

K 

d 

which proves ([^ . Further, ([?7l) is a straightforward consequence of q{A{'^) , A{^)^ 

Corollary 5.7 (i) Contraction of ^ ® with q{S,, •) Id yields 

g(e,*)$ = q{A{^),A{0)^ = ^[^^] ■ AO- 
(ii) Contraction 0/ ^I' $ with Id g(^, •) yields 

/^^NT ^ 7i Ar.-\ i rn even: ^m[^ (g) ^] ■ A{C) 

^ [ m odd: ^m[^ (g) ^] ■ A{0 
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To be concrete take m to be odd and F G $7° (M). Contraction of F with ld®q{^R, •) kills 
off all components since the right hand side factors are orthogonal to ^/j. By the previous 
corollary, the contraction is equal to F ■ A{'^r) up to some constant and therefore vanishes. 
The remaining cases follow similarly. Further, this is equivalent to F^ • po,i = by ([5]). 
To show the converse for m = 3, note that contraction of F with Id ^(^r, •) kills off all 
components of F except the ones in Cl (8> C/j and C| (8> Cr which get mapped to Cl and 
C|. Hence F • A{"i>R) = forces these components to vanish. The other cases follow in the 
same fashion. ■ 

Remark: In the light of this proposition, the integrability condition ([2T]l with Ramond- 
Ramond fields Fq and Fi is opposite to the one defining so-called weakly integrable gener- 
alised G2-structures [21], where F is only allowed to have components in the trivial repre- 
sentations spanned by ^'l "^r etc.. 

We now state our central result. Consider the twisted Dirac operators on r(A (g) A) given 
by 

P(^'i(g)^2) = X]^efe^i«'efc-*2 + ^i«>efc-Vf^^'2 
= ^Vf^.^i«)efc- ^2 + ^1® 0^-2. 

for any local orthonormal basis ei, . . . , e2m- As above, D : r(A-i-) r(A^) is the natural 
Dirac operator associated with the spin structure. 

Theorem 5.8 Let {g, 0, ^l, "^r) be a generalised SU{m) -structure with Ramond-Ramond 
fields Fq and Fi . Then 

holds if and only if the gravitino equations 







(mFo • X • 


■ ^'ij + m^Fi • 


X-A{^r)) 




2m 


{fhFo ■ X • 


■^L + F\-X 


■A{^l)) 



and the dilatino equations 

(D-dcj)± ^H) ■ ^L,R = 

hold for allX e X(M). 

Corollary 5.9 A generalised SU{m) -structure {po,pi) on {M,v,H) together with a dij- 
exact Ramond-Ramond field Fh 

(i) gives rise to a supersymmetric type IIB background compactified to M via the ansatz (T^ 
and / [j5p if and only if po/ pi is a constrained/ unconstrained critical point, i.e. dpo = —Fh 
or dpo = iFh and dpi = 0. 

(ii) gives rise to a supersymmetric type IIA background compactified to M via the ansatz 
and [T5\) if and only if po/pi is an unconstrained/constrained critical point, i.e. dpo = and 
dpi = —Fh or dpi = iFh. 
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Proof: Let us assume that the generalised S'C/(m)-structure is integrable. Then 

d[Ai^L)(S)^R\ = e'^Fo-ia + H)A[Ai^L)(^'^R] 
dl^^L ® -^r] = e'^Fi- {a + H) A [^l ® ^^r] , 

where we put a = -dep. We note that Fq = -Fq and Fi = {-l)'^+^Fi. By jH), ^[^'L^*ii] 
m^i'^l^L ^ ^r], whence 

di< [^T^r] = m''i"'{e^Fi -{a + H)A [^l ® ^d) 
and similarly for [^(^'l) ^j?]. By Lemma ETJ it follows 

d*[A{^L)^^R] = mi"'e'f'gFo + {a + Hy[Ai^L)®'^R], 
d*[^L'^'^R] = mi"'e^gFi + {a + Hy[^L'^'^R]- 

Next we need a technical lemma taken from [20| Corollary 1.25. 



Lemma 5.10 Let a be a 1-form. Its metric dual will be also denoted by a. Then 
a A [^-1 0^2] = ^ ((-!)"'[«• ^1 (g) ^2] - [^1 ® a • ^2]), 
aL[^'i0^2] = ^( - (-l)"'[a • ^2] - [^1 ® a • ^2])- 
For H £ n^{M) it follows 

HA[^i®^2] = J [iJ • ^1 ^2 - efc • ^1 (efcLff) • ^2] 

^ k 

+1 [^10 H -^2- V(efcLif) • ^-1 ® Cfc • *2] ~, 
^ k 

H4^i'^^2] = [-g-^i0^2 + ^efc-^i^(efcLij')-^2] 



Since V and [• , •] commute (for V is metric), d = ^ Cyt A Vgj. and d* = CfcLVej. imply 

[D{^fi0^2)] = i-ir{d*[^i®^2] + d[^i^^2]) 

[D{^i(^^2)] = ® ^'2] - 0*2])~. (28) 



As a result, 



[D{A{^l)'^^r)] = i-ire^iFo + mi'^gFo) 

+ (-!)'"((« + Hy-ia + i/) A )[^(M/l) vl/^] 
[P(*i^*^)] = (-l)™e*(Fi+mi"^gFi) 

+{-ir{ia + F)L-(a + F) A )[^L ® ^i?] 
['DiAi^L)^^R)] = e'^{Fo-mi"'gFo) 

-{{a + Hy+{a + H)a) [Ai^i] ® ^fl] 
[Vi^L^'^R)] = (-l)™e*(Fi -mi"^^Fi) 

-(-!)'"((« + Hy+{a + H)a)[^l^^r]- (29) 
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Using again the lemma to compute the action of a + i? on [^'i®^'^] the two first equations 
of (EH) become 



BA{^L)'S)^R + ^ek-A{^L)(^'^e,'fR = (-l)'"e<^[Fo + mi™gFo] ' (30) 



+ ^ Cfe • A{^l) ® (CfcL — ) • 

-a ■ A{^l) ®^r-^- A{^l) ® l-i?, 

+ ^ek-^L^ (cfcL— ) • *K - a • 8> ^R. 

Next we contract the first and the second equation of (f3Q]) with q{ej • A{'^l), •) 55 Id and 
q{ej ■ ^'i, •) (8) Id respectively. Using Lemma \5J\ and the identities 

GFo = (-l)-+igFo, GFi = -GFi, 

we obtain 

^q{ej-A{^L),ek-A{^L))V-^'^R = -q{ej ■ A{^l),'DA{^l) + a ■ A{^l) + 
k 

+\h . A{^l))'^r - ^e't'Fh • e, • ^l, (31) 

k 

-^e^F.-erAi^L). (32) 

Adding jH]) and (l32|) yields 

V;-^, = -^e<^ (m^Fb • ej • + ^\ • ej ■ ^(*l)) - Re g(ej • ^l, D^'l + a • ^'l + ^i/ • ^l) ^/j, 

for the real part of q{ej • ^'L^Cfc • ^l) vanishes unless j = k when it equals 1. We contract 
once more with qi'^R, •) to see that Req{ej ■ "^l, ■ ■ ■) = as the remaining terms are purely 
imaginary or vanish for Fq,! is Ramond-Ramond. Hence 

Vx^ij = -^e<^("^^ -X-^L + Fi-X- A{^l)) 
for all X G X{M). Using the second set of equations in (f29l) gives similarly 

Vj^-L = ^e^i^Fo ■X-^R + m}'Fi ■ X ■ A{^ r)) . 
For the dilatino equations, contracting the second equation in ([30]) with ld®q{^ r, ■) implies 

D^-L + q{^R,V~^^R)ek ■ -^L = -i^e.^Fi ■ r) - ^H -^L-a-^L- 
Contracting the first equation yields (note that = (— 1)'"+^^D etc.) 

+ q{^R, yey,^R)ek ■ = -^^e^Fh ■ r - ■ ^ l - a ■ ^ l- 
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Adding both equations and using that Fo,i are Ramond-Ramond fields obtains D^l + H/A- 
+ a ■ = 0. In the same way one proves the dilatino equation for "^r. 

Let us briefly sketch the converse. By (l28|), we have d[^L ® ^r] = -[^(^L (K) + 
'D{'ifL ® ^ii)]/2- If Fq^i = 0, plugging in the dilatino and the gravitino equation implies in 
conjunction with Lemma [5.101 that d[^L "X" "^r] = (dcp — H) /\\^ ^ r\, and similarly for 
[^(^'l) 'I'i?]. In presence of Ramond-Ramond fields, we get additional terms involving Fq 
and Fi. For sake of concreteness, let us assume m to be odd and consider Fi. We decompose 
Fi = Fi^^ © Fi^ |_ with Fi^ah £ ^+ ® ^- and write locally 

m m 

j,l=l 1=1 r 

m m 

j,l=l j=l r 

where 

i^j = ZL,j ■ ^(^l), VL,r) and {ipj = Zrj • Ai'^R), VR^i) 

are orthonormal bases for © Vl and © Vr respectively. By ([261) . 

^ 2m 2m m 

— Y.^i-^'k-Ai^L) = Y.Y.^M^L,j-A{^L),ek-Ai^L))'^i + 

k=l k=l j,l=l 

2m m 

'^^^bjrq{zL,j ■ A{'i>L),ek ■ A{'^L))vR,r. 
k=l j=l r 

Using ([22]) finally gives 

^ 2m m 

X efc • ^'L © • efc • Ai'^L) = Yl ^Mi'Pk) ® q{zL,j ■ ^(^l), ^L,fc • A{'^l))'>Pi + 
A;=l k,j,l=l 

bjrA{ipk) © g(zL,i • ^(^l), ZL,k ■ A{'^L))vR,r 

Proceeding similarly with the terms involving Fq concludes the proof. I 

Remark: As the proof shows, the implication is valid for any Fq^i satisfying ([25]) . 
Further, the T-duality mechanism as discussed in [6] preserves the condition ([25]) by equiv- 
ariance. Since it also preserves di^-exactness, one can T-dualise an internal space of type 
IIB space into one of type IIA and vice versa, in agreement with physical expectations. 

Example: We continue the last example of the previous section with po = and pi = 
^p-^-+^'^p-. Critical points as in (i) are obtained for Fq = doj provided dip± = and dcoAuj = 0. 
It remains to see under which conditions Fq • = hold, that is, Fq is a Ramond-Ramond 
field. A routine application of Schur's lemma implies Fq G [Aq^], following the notation 
of [3] - this automatically implies dto Auj = 0, cf. [3]. Still following the same paper, we refer 
to such an S'C/(3)-structure as being of type W3. Similarly, Fi = dijj± defines critical points 
as in (ii) provided duj = and dV'^ = 0. Moreover, Fi is Ramond-Ramond if and only if 
Fi G [Aq^I, that is, M is either of type W2 or W2 ■ Explicit examples hereof can be found 
in [3]. 
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